An log log Time Algorithm to Compute the Kernel of olygon S. Sc uierer Abstract The ernel of olygon is the set of all oin ts that see the in terior of It can computed as the in tersection of the halfplanes that are to the left of the edges of presen an log log time CR CW-PRAM algorithm using n= log log pro cessors to compute represen tation of the ernel of that allo ws to answ er oin con tainmen and line in tersection queries e�cien tly Our approac is based on computing subsequence of the edges that are sorted slop and con tain the \relev an t" edges for the ernel computation. In tro duction Visibilit problems pla an imp ortan role in computational geometry Giv en simple olygon in the plane sa oin ts and in are visible from eac other or se eac other if the line segmen pq is con tained in The kernel of er nel is then de�ned as the set of all oin ts that see all the other oin ts in It can easily sho wn that er nel is the in tersection of all the halfplanes that lie to the left of the olygon’s edges giv en coun terclo kwise orien tation of ]. Although ( log time is required to compute the in tersection of arbitrary half- planes, the fact that the halfplanes corresp ond to the edges of simple olygon can exploited to obtain linear time sequen tial algorithm or an log time algorithm for CREW-PRAM with n= log pro cessors ]. Other visibilit related algorithms for parallel mo dels of computation that ha een previously studied are an optimal log time CREW-PRAM algorithm to �nd the visibilit olygon of oin and an optimal log time CREW-PRAM algorithm for detecting eak visibilit of simple olygon ]. Our approac is ery similar to the one used in ]. In �rst step the halfplanes whic are irrelev an for the ernel computation are �ltered out and, then, represen tation of the in tersection of the remaining set of halfplanes is computed. This represen tation of the ernel allo ws to answ er oin con tainmen and line in tersection queries in time log n= log if pro cessors are ailable. This ork as supp orted under Deutsc he orsc ungsgemeinsc haft Gran t, Pro ject \Datenstruk- turen", Ot 64/5-4. Institut ur Informatik, Univ ersit� at reiburg, Rheinstr. 10, D-79110 reiburg, FR G, email: sc uierer@informatik.uni-freiburg.de +1 (a) (b) +1 +1 (c) +1 +1 (d) +1 Figure The de�nition of incr +1 As it turns out this idea can implemen ted on parallel random access mac hine where concurren write and read accesses to one cell are allo ed CR CW-PRAM in time log log using n= log log pro cessors. The particular mo del of CR CW-PRAM mak use of here is the COMMON CR CW-PRAM where concurren write is only allo ed if all pro cessors write the same alue to one cell. The pap er is organized as follo ws. After in tro ducing some notation describ in the second section whic edges can �ltered out. The result are sequences of halfplanes whic are sorted slop and whose in tersection yields the ernel. In Section consider the problem of computing these sequences of halfplanes in parallel. In Section describ ho to use dualization to �nd represen tation of the in tersection of these halfplanes that allo ws e�cien oin t-con tainmen and line-in tersection queries. De�nitions and Notation As as oin ted out ab the ernel of simple olygon is the in tersection of all the halfplanes that are to the left of its edges giv en coun terclo kwise orien tation of Since the approac presen orks for closed and op en curv es assume in the follo wing that are giv en simple orien ted olygonal hain where edge starts at ertex and ends at ertex +1 denote the halfplane with on its oundary and in terior to the left of and the halfplane with on its oundary and in terior to the righ of ). The kernel of is de�ned as ). Hence, if is closed curv with coun terclo kwise orien tation, then the ernel of is the set of all oin ts that see the in terior of One main step in our algorithm is to pro duce sequence of edges that are sorted according to turning angle. By turning angle mean the angle of the edge plus the um er of times the hain has spiraled around itself. Here, the angle of edge is de�ned as the angle et een the directed line through and the -axis and is denoted �( ). The turning angle can de�ned incremen tally considering the di�erence et een the angles of consecutiv edges. If and +1 are consecutiv edges of then de�ne the incr emental angle et een and +1 to the signed angle et een and +1 if they are considered as ectors and denote it incr +1 ). incr +1 is ositiv if +1 turns to the left from and negativ if +1 turns to the righ t. More precisely incr +1 is de�ned as follo ws (see Figure 1): (a) If �( and �( +1 �( then incr +1 �( +1 �( ). (a) )) )) (b) Figure dge of e ex or onvex chain is irr elevant. (b) If �( and �( +1 �( then incr +1 �( +1 �( (c) If �( and �( +1 �( then incr +1 �( +1 �( ). (d) If �( and �( +1 �( then incr +1 �( +1 �( can no de�ne the turning angle of an edge w.r.t. inductiv ely �( +1 incr +1 �( =1 incr +1 Computing the Kernel of olygonal Chain In this section sho that there exist sorted sequences of edges and that con tain all of the edges that are \relev an t" for the computation of er nel ). sa edge is elevant if the line through in tersects er nel in more than one oin t. Our approac is analogous to the one presen ted in though the pro of presen is di�eren t. Consider consecutiv edges and +1 of that meet in ertex +1 ertex +1 is said to onvex if +1 is in ), otherwise it is called e ex sub hain of is called onvex e ex if all the ertices of except the �rst and last are con ex (re ex). assume that consists of the maximal re ex hains and the max- imal con ex hains starting with whic is follo ed whic in turn is follo ed and so on till reac the last hain Clearly it is ossible to decomp ose an olygonal hain in to suc sequence of con ex and re ex hains where the �rst and/or last hain resp. ma empt or hain denote the �rst edge and the last edge ). Note that alw ys ha and +1 ). start with the follo wing observ ation ab out edges of re ex hains. Observ ation 3.1 If is an dge of etwe en and and )) )) then is not elevant (se Figur 2a). Next consider the relev an edges among the con ex hains. Lemma 3.2 If is olygonal chain onsisting of e ex chains and onvex chains with such that (i) there is no edge with and (ii) there is no edge with then er nel quals the interse ction of with the halfplanes orr esp onding to the last dges of the e ex chains Pro of: W.l.o.g. can assume that �( Our �rst claim is that is -monotone. In order to sho this pro that is in (0 ), for all Since the angles of the edges along con ex hain are increasing, the maxim um turning angle is ac hiev ed at some edge max with max ), the angles along re ex hain are decreasing, so the minim um is ac hiev ed at some edge min with min ), By Assumption (i) max is less than and, furthermore, Assumption (ii) min 0. This immediately implies that is -monotone. ha already argued that an edge of re ex hain that is neither at the end nor at the eginning of is irrelev an for the computation of er nel ). So let an edge of the con ex hain and let the �rst edge of or illustration refer to Figure 2b. Since and elong to the same con ex hain, is in and since is monotone, is ab the line through Hence, elongs to the edge formed and ). urthermore, and, therefore, the line through in tersects the line through in and do es not in tersect ). Since is non-empt con tains completely Hence, and is irrelev an t. Since is also the last edge of this implies that all edges of are irrelev an except for and the end edges of the re ex hains. With the help of the ab lemma can no de�ne sequence of edges that con tains \most" of the relev an edges of this end let max and let the set of edges with where �1 i.e., is the set of edges whose turning angle is larger than the turning angle of an previous edge. Lemma 3.3 If is olygonal chain onsisting of e ex chains and onvex chains such that ther is no dge of etwe en two onse cutive dges and 00 in with then er nel is the interse ction of with and )) Pro of: pro induction on the edges of that con tains the in ter- section of the halfplanes ), with and and )), with The claim is ob vious if consider only Hence, consider edge and assume that the claim has een sho wn for the sub hain of consisting of the edges As is irrelev an if it do esn’t elong to con ex hain, can assume that is part of con ex hain If then elongs to and are done. Otherwise, let the edge in with largest The induction yp othesis implies that ;j <k )) (a) (b) Figure The kernel of is empty if By Lemma 3.2 con tains )) since ), for and there is no edge with whic completes the induction step and, hence, the pro of. Lemma 3.4 et and two onse cutive dges in If ther is an dge with such that then er nel is empty. Pro of: Let the smallest index with Hence, the part of from to is monotone w.r.t. �( and (see Figure 3a). Corollary 3.5 If is olygonal chain onsisting of e ex chains and onvex chains and )) )) for some then er nel is empty. Pro of: Let the �rst edge with )) and the edge in with maxim um Since )), ha By Lemma 3.4 this implies that er nel is empt No supp ose mirror at the -axis and rev ert the orien tation of the edges and call this new hain Note that the ernel of is the image of the ernel of and relev an edge of is the image of relev an edge of Similarly an edge elongs to re ex (con ex) hain of if and only if its preimage elongs to re ex (con ex) hain of Hence, can de�ne sequence of edges of analogously to the sequence of only no starting with the image of But the image of the last edge of re ex hain of is no the �rst edge of re ex hain of and vice ersa. If tak in to accoun that ha ), then, if mirror bac and again hange the orien tation, ha analogously ). Therefore, obtain er nel )) (1) Highly arallel Computation of the Kernel In this section presen an log log algorithm for CR CW-PRAM with n= log log pro cessors to compute the ernel of simple olygonal hain. With the observ ations from the previous section it seems that the follo wing approac to computing the ernel is reasonable try 1. Compute and 2. Merge and in to single sequence 3. In tersect the halfplanes in In the follo wing will address eac of the four steps. 4.1 Computing The computation of consists of steps. First ha to compute ), and then for Recall that max ). Computing essen tially amoun ts to computing the sums =1 incr +1 ), for Unfortunately there is lo er ound of ( log n= log log for the computation of the parit function of bits on CR CW-PRAM whic h, in particular, implies lo er ound for the computation of the sum of um ers. In order to eat this lo er ound, mak use of di�eren represen tation of ). sa ertex +1 with adjacen edges and +1 is downturn if �( and �( +1 �( Similarly sa ertex +1 is an upturn if �( and �( +1 �( (see Figure 3b). Let the um er of upturns up to and including ertex and the um er of do wn turns Lemma 4.1 If is olygonal chain, then �( )2 Pro of: The pro of is induction on the um er of edges. The claim ob viously holds for 1. No supp ose the claim is true for some 1, i.e., �( )2 an to sho that +1 �( +1 +1 +1 )2 with +1 incr +1 ). In order to do so distinguish four cases dep ending on �( ). 1. �( and �( +1 �( By de�nition ha incr +1 �( +1 �( ), +1 and +1 Hence, +1 incr +1 �( )2 �( +1 �( �( +1 +1 +1 )2 2. �( and �( +1 �( ha incr +1 �( +1 �( +1 1, and +1 Hence, +1 incr +1 �( )2 �( +1 �( �( +1 +1 1))2 �( +1 +1 +1 )2 3. �( and �( +1 �( ha incr +1 �( +1 �( ), +1 and +1 Hence, +1 incr +1 �( )2 �( +1 �( �( +1 +1 +1 )2 4. �( and �( +1 �( ha incr +1 �( +1 �( +1 and +1 1. Hence, +1 incr +1 �( )2 �( +1 �( �( +1 )2 �( +1 +1 +1 )2 whic completes the pro of. Hence, the computation of can reduced to computing Assume that is in the in terv al ], In the follo wing sho that if er nel is non-empt then 1. In order to compute for all mak use of an optimal log log CR CW-PRAM algorithm that solv es the al ne ar est smal ler values ANSV problem whic is de�ned as follo ws ]. Giv en sequence of elemen ts from totally ordered domain. Find, for eac elemen the left and righ closest smaller elemen t, i.e., �nd the elemen with maxim um suc that and �nd the minim um with The elemen is called the left match of and is called the right match no apply the ANSV-algorithm to the up- and do wn turns. The �rst step is that for eac do wn turn �nd the righ closest up- or do wn turn. In order to do so, pro cessor writes in to arra cell if is an up- or do wn turn and otherwise. Clearly an application of the ANSV-algorithm yields the closest righ up- or do wn turn, for eac ertex. If is do wn turn and its righ matc an upturn, then and are called matche If there is no up- or do wn turn to the righ of do wn turn then consider as matc hed nev ertheless. No compute, for eac matc hed do wn turn its left closest unmatc hed up- or do wn turn. Eac of these steps can carried out in log log steps with n= log log pro cessors ]. claim that for the remaining (unmatc hed) ertices is con tained in the in terv al ]. The pro of is con tradiction. If there is no unmatc hed do wn turn, then and the claim holds. Otherwise, observ that the minima of the sequence are ac hiev ed at do wn turns. So assume that there is an unmatc hed do wn turn suc that Its closest up- or do wn turn to the righ exists and is do wn turn since otherwise and ere matc hed. But this implies that in con tradiction to our assumption that ]. The ab pro cedure is no iterated one more time, matc hing upturns with do wn turns and �nding the closest left unmatc hed up- or do wn turn, for eac matc hed do wn turn. With this iteration the ossible range for the alues of the remaining up- or do wn turns is again reduced one. If there are an unmatc hed up- or do wn turns left after the iteration, then this implies that either there is an with or started out with 1. In the �rst case ha �( whic implies that er nel is empt ]. In the second case ha �( and, hence, )) whic implies Corollary 3.5 that er nel is also empt in this case. Hence, can assume that all ’s are con tained in 1] and the ab pro cedure is executed at most times. An do wn turn that is matc hed in the second step is kno wn to ha alue of and an upturn is kno wn to ha alue of 1. Since eac matc hed pair in the �rst step has oin ter to an unmatc hed pair the -v alue of can computed in constan time er ertex. In order to obtain the alues for all ertices just ha to apply the ANSV-algorithm one more time so that eac ertex can �nd its left closest up- or do wn turn. All of these op erations can carried out in time log log ). Giv en the alues for eac ertex, can computed in time log log ), for all Lemma 4.1. In order to obtain it is necessary to compute max whic is pre�x maxima op eration on and can carried out in time log log with n= log log pro cessors ]. Finally ha to hec if there is an edge et een consecutiv edges and 00 of with Lemma 3.3. This can done et another application of the ANSV-algorithm in order to �nd, for eac edge, the closest edge in to the left and then compare the turning angles. If there is one edge with left closest neigh our in suc that then er nel is empt The sequence can computed and hec ed analogously 4.2 Merging and The imp ortan prop ert of and is that the edges in oth sequences are sorted turning angles. Hence, an application of an optimal log log merging algorithm to obtain the merged sequence seems ossible. Unfortunately the edges of and are scattered among the edges of whic assume to stored in an arra In order to compact the edges of and in to con tiguous part of need at least ( log log log time whic cannot a�ord since (or can as large as ( ). The solution is to apply the ANSV-algorithm in order to �nd, for eac edge not in its left closest matc cm in and the same for edges not in create new arra ys and with if is in and cm otherwise. Note that ), for 2. Hence, can merge the arra ys and in to one arra of size in time log log ). 4.3 In tersecting and Since the turning angles of the edges in ary at most et een and can split in to (1) con tiguous parts suc that the angles of the edges in these parts are in the in terv als 2) or 2) and merge these parts again in to sequences and suc that the angles of all edges in are sorted and in the range 2) and the angles of the edges in are also sorted and in the range 2). In order Figure The lower and upp er hul of oint set to compute the in tersection of the halfplanes asso ciated with the edges in apply dualization metho as describ ed elo w. Halfplane In tersection and the Con ex Hull In this section sho ho to reduce the in tersection of halfplanes that are sorted accord- ing to angle to the computation of the con ex ull of certain oin sets that are sorted on one co ordinate. this end apply the concept of ge ometric duality whic maps oin ts on to lines and vice ersa while eeping incidence relations. More precisely apply the follo wing dual map see x; with and with x; has the sp ecial prop ert that it preserv es order whic means in this case that if is ab the line then is ab ). In order to compute the in tersection of the halfplanes no pro ceed as follo ws. is split in to the sets and Hence, Note that all the halfplanes in ha their in terior ab their oundary and all the halfplanes in ha their in terior elo their oundary urther, let the set of directed oundary lines of the halfplanes in and de�ned analogously for No if and only if is ab all lines in in the dual plane this corresp onds to the fact that for all the oin is ab the line ), i.e., that the lo er con ex ull of is ab ). The lower onvex hul of is de�ned as the set of oin ts that are ab the con ex ull of ). Similarly the upp er onvex hul of is de�ned as the set of oin ts that are elo the con ex ull of (see Figure 4). denote the oundary of the lo er con ex ull of and the oundary of the upp er con ex ull of ). If consider line through the ertices and on ), then all the oin ts of are ab except and whic lie on So corresp onds to oin in the original plane that is ab all lines in and is the in tersection oin of and ). In other ords, is ertex of This pro es the follo wing observ ation. Observ ation 5.1 The lines thr ough the dges of orr esp ond to the vertic es of In the same get that if and only if, for all the oin is elo the line ), i.e., if the con ex ull of is elo ). The angles of the lines in are sorted and con tained in the in terv al 2) and the angles of the lines in are sorted and con tained in 2). If the equation of the line ounding halfplane with angle is ha the relation tan Hence, and are oin sets that are sorted -co ordinate, and the optimal log log time algorithm of agener can used to compute the con ex ull of and ). Unfortunately there is lo er ound of ( log n= log log for the computation of an arra represen tation of the con ex ull of sorted oin set; therefore, sp ecial data structure|called the bridge tr |is used in ]. The bridge tree is de�ned on oin sets and is not designed to redualized. Nev ertheless, can use the bridge tree represen- tation of the con ex ull of and to answ er sev eral queries ab out and bridge tree supp orts the follo wing queries in time log n= log 1) 1) if pro cessors are assigned to the query: (i) Giv en oin test whether is con tained in the lo er ull of (or the upp er ull of )). (ii) Giv en oin rep ort the tangen ts to the lo er ull of (or the upp er ull of )) passing through (iii) Giv en line rep ort the in tersection of with the lo er ull of (or the upp er ull of )). (iv) Giv en direction rep ort the extremal oin ts of the lo er ull of (or the upp er ull of )) in direction In the follo wing it is our aim to sho that the same yp es of queries can handled for within the same time ounds. query of yp (i) can answ ered if mak use of the observ ation that the oin ts con tained in are mapp ed to lines that do not in tersect the lo er ull of ). Hence, to test if oin is con tained in can mapp ed to the query whether the dual line do es neither in tersect the lo er ull of nor the upp er ull of ). In order to answ er query of yp (iii) observ the follo wing. Lemma 5.2 The line interse cts if and only if two of the four tangents of to and do not interse ct the interior of Pro of: The line in tersects if and only if there are oin ts and on whic are also on the oundary of and/or and whic elong to Hence, the oin is the in tersection oin of the lines and and and are tangen ts to and/or ). urthermore, and elong to and, hence, do not in tersect the in terior of or ). Since there are only four tangen ts through to the lo er ull of and the upp er ull of and these tangen ts can found and tested for in tersection with the in teriors of the ulls in time log n= log 1) 1) with the help of bridge tree, can rep ort the in tersection oin ts of line with if they exist, within the same time ound (see Figure 5). 10 Figure The tangents to the lower hul of and the upp er hul of orr esp ond to the interse ction oints of (a) (b) Figure The duality etwe en and the lower hul of and the upp er hul of 5.1 Computing the In tersection oin ts of and In order to answ er queries of yp (ii) and (iv) for �rst ha to �nd the in tersection oin ts and of the oundary of with the oundary of since, for example, is the extremal oin of in direction The lines and are sim ultaneously tangen ts to the lo er ull of and the upp er ull of (see Figure 6). Note that the lo er ull of is on di�eren side of as the upp er ull of ). In order to compute and mak use of the in ternal structure of the bridge tree for the the upp er ull of whic can describ ed as follo ws. On the �rst lev el of the bridge tree the oin ts of are split in to con tiguous sequences of oin ts, eac consisting of at most oin ts. or eac at most bridges are stored where bridge is an edge of the upp er ull of suc that the -range of the bridge in tersects the -range of bridge is called pr op er bridge of if one of the end oin ts of elongs to otherwise it is called assing bridge. In the latter case no oin of elongs to the upp er ull of ). This structure is recursiv ely applied to all 11 (a) 00 00 (b) 00 00 Figure an neither in nor elow Our algorithm pro ceeds according to the recursiv structure of the bridge tree. In the �rst step it is our aim to sort out the sets of consecutiv ertices and that con tain the ertices that are inciden to and then apply the pro cedure recursiv ely to and Let the ertices that elong to the bridges on the �rst lev el of the bridge tree. With pro cessors can �nd, for eac of the ertices, the tangen ts to the lo er ull of in time log n= log 1) 1) (1) with the help of the bridge tree for the lo er ull of ). With pro cessors can hec in constan time whic tangen ts ha all the ertices to one side. Let and 00 these tangen ts and and 00 the ertices inciden to and 00 resp ectiv ely with to the left of 00 The lines and 00 form four edges. Let the in tersection oin of and 00 and let the edge that con tains and 00 and the edge opp osite to Lemma 5.3 The supp ort oints of the tangents and at the upp er hul of ar not ontaine in the interior of Pro of: see this let �rst oin in the in terior of the triangle spanned and 00 Since the line segmen from to 00 is con tained in the upp er ull of ), an line that is inciden to and that is the dual of oin in do es not in tersect 00 and, hence, in tersects the line segmen ts from to and from 00 to This implies that is en tirely ab and, hence, is not tangen to (see Figure 7a). No consider oin in elo the line segmen from to 00 claim that neither nor in tersects or consider line through Either in tersects elo or 00 elo 00 In the �rst case and the in tersection oin of with are on the same side of and, hence, cannot or An analogous statemen holds in the second case (see Figure 7b). Therefore, the in tersection oin ts of and and are not in the in terior of consequence of Lemma 5.3 is that only ha to consider oin ts that are outside Let the bridge inciden to Supp ose that starts at ertex and ends at Let the next ertex after in the top lev el of the bridge tree that elongs to bridge. Lemma 5.4 If is oint ab ove then is etwe en and 12 (a) (b) Figure Only the vertic es etwe en and an ab ove Pro of: Let ertex of after If is ab then is en tirely elo the line segmen from to and, hence, do es not elong to the upp er ull of in con tradiction of our hoice of (see Figure 8a). similar argumen holds if is efore And if there exists ertex et een and that is ab then is elo and, hence, do es not elong to the upp er ull of (see Figure 8b). Of course, can argue in similar if starts in urthermore, 00 00 and 00 can dealt with analogously If elongs to then our observ ations imply that can recur on the ertices of in order to �nd and similarly for Since reduce the exp onen of the um er of ertices ha to lo ok at with eac recursion step factor of the total time needed to �nd and is log log ). If stop the recursion after, sa ten lev els, then the um er of ertices to considered has een reduced to and the problem can solv ed directly in constan time as in the �rst step. Hence, in fact, need only constan time to compute and If do not �nd the tangen ts and then the lo er ull of in tersects the upp er ull of and the ernel of is empt In particular, this implies that can hec in time log log if is starshap ed or not. With the help of and also obtain more accurate represen tation of in the dual plane. this end let i; the in tersection oin of with and i; the in tersection oin of ), for 2. denote the part of the oundary of et een and and the part of the oundary of et een et een and ). Let i; the ra that is con tained in starts at i; and that do es not con tain i; for 2; similarly let i; the ra that is con tained in starts at i; and that do es not con tain i; for (see Figure 9). Lemma 5.5 The oints in ar duals of lines that do not interse ct or Pro of: Let line that do es not in tersect is elo and, hence, elo ). Similaly if do es not in tersect then is ab and, hence, ab ). This implies that is the dual of oin If in tersects and is ab then in tersects ). If in tersects and is elo then in tersects since an line that is elo and has steep er 13 Figure De�ning i; i; and Figure 10 The dual of slop than in tersects ). Similar argumen ts hold if in tersects or denote the region ab and the region elo ). is the set of oin ts whose dual line do not in tersect the in terior of (see Figure 10). In order to answ er query of yp (ii), that is in order to compute the tangen to through giv en oin just note that the in tersection oin ts and of with the oundary of are the duals of the tangen ts to see this just note that is tangen to through since is on the oundary of and is inciden to Finally in order to answ er query of yp (iv) note that the set of parallel lines in the primal plane with slop is represen ted the ertical line through the oin d; 0) in the dual plane. Hence, ha to in tersect with the oundaries of and ). Clearly all of the ab queries require only constan um er of queries to the bridge 14 tree of the lo er ull of and the upp er ull of and, hence, the query time is still log n= log 1) 1). Conclusions ha presen ted an log log time algorithm to compute the ernel of olygonal hain with n= log log pro cessors on COMMON CR CW-PRAM. Our approac is based on the algorithm Cole and Go dric ]. giv di�eren pro of of their main theorem and sho ho to oid parallel pre�x sum computation whic is needed in their algorithm. Since our in tersection of halfplanes algorithm mak es use of dualization and the new optimal log log con ex ull algorithm of agener ], also address the question of ho to answ er the follo wing four queries for the ernel of olygon in the primal plane giv en query structure in the dual plane. (i) Giv en oin test whether is in the er nel ). (ii) Giv en oin rep ort the tangen ts to the er nel passing through (iii) Giv en line rep ort the in tersection of with er nel ). (iv) Giv en direction rep ort the extremal oin ts of er nel in direction All of these queries can answ ered in time log n= log 1) 1) if pro cessors are ailable. References [1] M. J. tallah and D. Z. Chen. Optimal parallel algorithm for visibilit of simple olygon from oin t. In Pr c. 5th CM Symp osium on Computational Ge ometry pages 114{123, 1989. [2] O. Berkman, B. Sc hieb er, and U. Vishkin. Some Doubly garithmic Optimal Par al lel lgorithms Base on Finding Ne ar est Smal ler alues ec hnical Rep ort UMIA CS- TR-88-79, Institute for Adv ance Computer Studies, Univ ersit of Maryland, College ark, MD, 1988. [3] D. Z. Chen. An optimal parallel algorithm for detecting eak visibilit of simple olygon. In Pr c. 8th CM Symp osium on Computational Ge ometry pages 63{72, 1992. [4] R. Cole and M. Go dric h. Optimal parallel algorithms for olygon and oin t-set problems. In Pr c. 4th CM Symp osium on Computational Ge ometry pages 201{210, Champaign, Illinois, 1988. [5] Herb ert Edelsbrunner. lgorithms in Combinatorial Ge ometry Springer erlag, Berlin Heidelb erg New ork, EA TCS monographs on theoretical computer science edition, 1987. 15 [6] D. T. Lee and F. Preparata. An optimal algorithm for �nding the ernel of olygon. Journal of the CM 26(3):415{421, July 1979. [7] Ragde. The parallel simplicit of compaction and haining. In Pr c. 17th In- ternational Col lo quium on utomata, anguages, and Pr gr amming pages 744{751, 1990. [8] H. agener. Optimal parallel ull construction for simple olygons in log log time. In Pr c. 33r IEEE Syp osium on oundations of Computer Scienc pages 593{ 599, 1992. 16